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Elimination of Spurious Loss in Euler Equation Computations

Mark Drela,¤ Ali Merchant,† and Jaime Peraire‡

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

The accuracy of a standard implicit conservative Euler equation solver is greatly improved by incorporation of
an entropy-conservation equation, used in lieu of the streamwise momentum equation in all regions of the � ow
except at shock waves. A slight modi� cation is also required at stagnation points to maintain a well-posed nature.
The overall method eliminates spurious entropy errors and, thus, reduces the grid density required to achieve any
particular level of accuracy. Results are presented for subsonic and transonic airfoil � ows. Although the derivation
and results are for steady, two-dimensionalEuler equations, the approach has no inherent limitationsthat preclude
extension to unsteady, three-dimensional, or viscous � ows. A brief discussion of these extensions is presented.

Nomenclature
c = speed of sound
D/ Dt = substantial derivative (@/ @t + q ¢ r )
E = total energy
f = momentum-conservationtrigger
g = stagnation trigger
H = total enthalpy
h = static enthalpy
` = cell size
M = Mach number
p = pressure
Q = enthalpy � ux
q = speed, j q j
q = velocity vector
R = residual
S = entropy
t = time
u, v = velocity components
a = angle of attack
c = speci� c-heat ratio
±( ) = upwinding change
e = viscous dissipation
k = characteristic speed
q = mass density
s ¯̄ = shear stress tensor

I. Introduction

M OST currentEuler equationsolutionmethods solve the mass,
momentum, and energy equations discretized in strongly

conservative form:

@q

@t
+ r ¢ ( q q) = 0 (1)

@( q u)
@t

+ r ¢ ( q qu + põ̂ ) = 0 (2)

@( q v)

@t
+ r ¢ ( q qv + p Ò̂ ) = 0 (3)

@( q E)

@t
+ r ¢ ( q qH ) = 0 (4)
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The velocity vector q and its magnitude q are de� ned in terms of
the Cartesian velocity components

q = uõ̂ + v Ò̂ , q2 = u2 + v2

where the � ow variables are de� ned as usual:

p = ( c ¡ 1)
¡
q E ¡ 1

2
q q2

¢
, H = E + p / q = h + 1

2
q2

c2 = c p / q , M = q / c

The mass, momentum, and energy equations can be combined to
yield the entropy conservationequation

@( q S)

@t
+ r ¢ ( q qS) = 0 (5)

where

S ´ (h c / ( c ¡ 1) / p) (6)

which shows that the entropy S should be constant throughout the
� ow if it is constant at the upstream boundary. In practice, however,
the discrete forms of Eqs. (1–4) must be stabilized with dissipa-
tive terms, which either appear naturally as truncation errors or
are added explicitly, depending on the discretization scheme used.
With the additional dissipative terms, Eq. (5) will now have a pos-
itive source term on the right-hand side, giving entropy generation
along streamlines. This loss production is correct only at shocks,
where the dissipative terms give losses that are consistent with
the proper Rankine–Hugoniot jumps. Away from shocks, however,
the additional terms produce spurious losses that degrade solution
accuracy.

The entropy-conservation equation (5) is used to replace the
streamwisemomentumequationin theviscous/inviscidMSES Euler
code1 in all regions of the � ow except at shocks. Spurious losses
are thus eliminated, allowing acceptable solutions on extremely
coarse grids. Other loss-mitigation techniques have been presented
by Lee and Chu,2 who employ a Clebsch velocity decomposition,
and by Denton and Xu,3 who employ the entropy conservation
equation with an ad hoc source term at shocks. More recently,
Hafez and Guo4 have presented a formulation using a relaxation
scheme of the Cauchy/Riemann equations for the velocity compo-
nents that have the total enthalpy and the entropy in their source
terms. The entropy is updated by solving an entropy convection
equation downstreamof shocks.The total enthalpy is assumed con-
stant, although its convection equation could easily be employed
instead.

All of thesepreviousapproacheshave assumeda particulartopol-
ogy of the � ow or have been restricted to special types of solution
schemes. The MSES code1 is strictly for steady, two-dimensional
� ows, using a streamline grid and a very restricted form of dissi-
pation not suitable for more general � xed-grid solvers or for three
dimensions. The scheme of Lee and Chu2 uses streamline tracing
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to solve the convection equations, loosely coupled to an iterative
scheme for the Clebsch velocity potential. Denton and Xu3 report
poor stability near M =0 and do not show any solutions with well-
resolved stagnation points. It is not clear that their scheme is con-
sistent. The method of Hafez and Guo4 requires knowledge of the
location and orientation of shocks to produce the appropriate en-
tropy sources for the entropy convection equation. This can lead to
dif� culties at intersecting shocks, especially in three dimensions.
The singular nature of the Cauchy/Riemann equations at stagnation
points is not addressed.

The remainder of this paper will focus on the formulation of an
entropy-conservingmethod for general two- or three-dimensional
Euler solvers using unstructured grids. The assumptions of steady
� ow or constant total enthalpy will not be required. Only the ap-
proximate location of shocks will be required; knowledge of shock
orientation will not be necessary. The issue of consistency, and a
well-posed nature at stagnation points will be addressed in consid-
erable detail. Results for subsonic and transonic two-dimensional
Euler � ows will be presented. Extensions to three-dimensionaland
Navier–Stokes solvers will also be discussed.

II. Discrete Formulation and Arti� cial Dissipation
A fairly general way to describe upwinded conservativeschemes

is to includea dissipativeupwindingchange to each � ux component:

@q

@t
+ r ¢ [q q ¡ k ± q ] = 0 (7)

@( q u)

@t
+ r ¢ [q qu + põ̂ ¡ k ±( q u)] = 0 (8)

@( q v)

@t
+ r ¢ [q qv + p Ò̂ ¡ k ±( q v)] = 0 (9)

@( q E)

@t
+ r ¢ [q qH ¡ k ±( q E)] = 0 (10)

The notation ± f denotes a change in f in some direction, propor-
tional either to ` for � rst-order dissipation or to `3 for third-order
dissipation,`being the cell size. The weight k is a small coef� cient
that can take differentforms in differentupwindingmethodsand can
alsobe a matrix to give thecharacteristic-basedormatrix-dissipation
methods. These distinctions are not important here.

The additional dissipation terms produce streamwise changes in
the entropy that would otherwise be constant barring truncation
errors. The associated entropy source terms can be determined by
deriving an expression for the material derivative of the entropy,
whose form follows from de� nition (6):

dS =
c

c ¡ 1

dh

h
¡

dp

p
, p dS = q dH ¡ q q dq ¡ dp

p
DS

Dt
= q

DH

Dt
¡ q q

Dq

Dt
¡

Dp

Dt
(11)

The right-hand-sideterms of Eq. (11) are determined from the mod-
i� ed momentum and energy equations (8–10) by � rst expanding
these as

@( q u)
@t

+ u r ¢ [q q ¡ k ± q ] + q q ¢ r u +
@p

@x

= r ¢ [k ±( q u)] ¡ u r ¢ [k ± q ]

@( q v)

@t
+ v r ¢ [q q ¡ k ± q ] + q q ¢ r v +

@p

@y

= r ¢ [k ±( q v)] ¡ v r ¢ [k ± q ]

@( q H )

@t
+ H r ¢ [q q ¡ k ± q ] + q q ¢ r H ¡

@p

@t

= r ¢ [k ±( q E )] ¡ H r ¢ [k ± q ]

from which follow their corresponding modi� ed convective forms
using the modi� ed mass equation:

q
Du

Dt
+

@p

@x
= r ¢ [k ±( q u)] ¡ u r ¢ [k ± q ]

= r ¢ [k q ±u] + r u ¢ k ± q (12)

q
Dv

Dt
+

@p

@y
= r ¢ [k ±( q v)] ¡ v r ¢ [k ± q ]

= r ¢ [k q ±v] + r v ¢ k ± q (13)

q
DH

Dt
¡

@p

@t
= r ¢ [k ±( q E )] ¡ H r ¢ [k ± q ]

= r ¢ [k q ±H ] + r H ¢ k ± q ¡ r ¢ [k ± p] (14)

Combining Eq. (14) ¡ u[Eq. (12)] ¡ v[Eq. (13)] produces the de-
sired expression for the convective rate of change of entropy:

q
DH

Dt
¡ q q

Dq

Dt
¡

Dp

Dt
= r ¢ [k ( q ±h ¡ ± p)] + r h ¢ k ± q

+ r u ¢ k q ±u + r v ¢ k q ±v (15)

p
DS

Dt
= r ¢ [k p±S]+ r H ¢ k ± q + q 2

³
r u ¢ k ±

³
u

q

´
+ r v ¢ k ±

³
v

q

´´

(16)

The � rst term on the right-hand side of Eq. (16) is simply a diffu-
sion term. The second term is responsiblefor entropy production in
a shock moving through stationary � uid, whereas the third term is
responsiblefor entropyproductionin a stationaryshock (where H is
constant and the second term disappears). For � rst-order, gradient-
based dissipation, r u and ±u are parallel vectors, and so the third
term is clearly positive de� nite. For the moving shock, the rise in
H (or h) is caused by volumetric compressionwork associatedwith
the change in q , so that r H and ± q are essentially parallel, mak-
ing the second term positive de� nite as well. The net result is that
entropy in a numerical solution using gradient-baseddissipation in-
creases monotonically downstream, aside from the possibility of
lateral diffusion from an adjacent lower-entropy region.

It is useful to examine the effect of using the total enthalpy rather
than the total energy to form the dissipation term in the modi� ed
energy equation (10), as suggested by Jameson et al.5:

@( q E)
@t

+ r ¢ [q qH ¡ k ±( q H )] = 0 (17)

This has the advantage of giving perfectly constant H in a steady
solution. The entropy transport equation now becomes the follow-
ing:

p
DS

Dt
= r ¢ [k q ±h] + r H ¢ k ± q + q 2

³
r u ¢ k ±

³
u

q

´
+ r v ¢ k ±

³
v

q

´´

(18)

The � rst term on the right-handside is no longer strictly diffusive in
thepresenceof varyingpressuregradients,producingnonmonotonic
entropy evolution along streamlines.This lack of a proper diffusion
term also makes the entropy perturbation mode poorly damped,
which is consistentwith the observationthat this form of dissipation
is somewhat less stable.

III. Entropy-Conserving Formulation
The approach taken here is to effectively solve the entropy con-

servation equation (5) in lieu of some combination of the standard
mass, momentum, and energy equations. Like the standard equa-
tions, the entropy equation must also be stabilized with added dis-
sipation (which is not dissipative in the thermodynamic sense). A
suitable form is

@( q S)

@t
+ r ¢ [q qS ¡ k ±( q S)] = 0 (19)
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which, if employed together with the upwinded mass equation (7),
will produce perfectly constant entropy in steady state despite the
upwinding.

It is convenient to de� ne shorthand for the residuals appearing in
all of the conservationequations:

R q ´ r ¢ [q q ¡ k ± q ], Ru ´ r ¢ [q qu + põ̂ ¡ k ±( q u)]

Rv ´ r ¢ [q qv + p Ò̂ ¡ k ±( q v)], RH ´ r ¢ [q qH ¡ k ±( q H )]

RS ´ r ¢ [q qS ¡ k ±( q S)]

The formulationwill makeuseof the followingconvectiveresiduals:

R 0
u ´ Ru ¡ u R q , R 0

v ´ Rv ¡ v R q

R 0
H ´ RH ¡ H R q , R 0

S ´ RS ¡ SR q

These are still discretized in strongly conservative form as shown,
to allow correct shock capturing. It is also convenient to de� ne the
convective streamwise and normal momentum residuals:

R 0
q = (u / q)R 0

u + (v / q)R 0
v , R 0

n = ¡ (v /q)R 0
u + (u /q)R 0

v

It is readily veri� ed that the following combination is a higher-
order quantity:

R² ´ R 0
H ¡ q R 0

q ¡ ( p / q )R 0
S = ( j ± j ) (20)

This simply re� ects that S is not an independent variable, so that
R 0

S must be expressible in terms of the other residuals to within
truncation error. With the present gradient-based dissipation, R²

has the following form to leading order:

R² = ¡ r ¢ [k ± p] ¡ (1/ q ) r p ¢ ( k ± q ) ¡ r u ¢ ( k q ±u) ¡ r v ¢ ( k q ±v)

(21)

Because R² is a higher-orderquantity, it is legitimate to set R² =0
in relation (20):

R 0
H ¡ q R 0

q ¡ ( p / q )R 0
S = 0

and then use this relation to replace any one of these three residuals
with the remaining two. This is equivalent to adding an appropriate
multiple of the dissipation or truncation-error terms, so that this
modi� cation will preserve consistency. The key idea behind the
present scheme is to use the best combination of residuals at every
point in the � ow� eld to maximize accuracyof the discrete solution.

Most of the inaccuraciesof conventionalEuler solvers are due to
their spuriousentropylayersthat typicallyformadjacentto surfaces.
In thepresenceof pressuregradients,these layershavedisplacement
effects on the outer potential � ow, with the attendant loss of lift,
nonzero pressure drag, etc. As shown in the preceding section, this
spuriousentropy productionin standardEuler schemes is inevitable
and is arguably their worst feature. Because R 0

S =0 implies con-
stant entropy, and R 0

H =0 is already being solved, all such spurious
entropy production can be eliminated by making the substitution

q R 0
q ! R 0

H ¡ ( p / q )R 0
S (22)

which discards momentum conservationin favor of entropyconser-
vation. One can consider the switch in equations to be equivalent
to adding streamwise momentum sources such that all entropy vari-
ations are suppressed. Relation (20) indicates that the change has
no effect to within the dissipation or truncation error, that is, the
sources are of higher order, so that consistency is unaffected. It is
assertedthat conservingentropy is preferablein all situationsexcept
at shocks,where momentummust be conservedto obtain the correct
Rankine–Hugoniot shock jumps.

The substitution (22) is not usable directly because at a stagna-
tion point where q =0 the entropy is stationary with respect to q
(it depends on q2 ). Hence, the entropy is not in� uenced by momen-
tum sources at a stagnation point, so that constant entropy cannot
be enforced simply by modifying R 0

q in this manner. A singular
equation system is produced if this is attempted. The following for-
mulation combines all of the equations in a manner that precludes
such singularities.

The steady-state equation system for the momentum-conserving
case is expressed in vector form as follows:

Rm ´

8
>>><

>>>:

cR q

R 0
u

R 0
v

R 0
H

;
>>>=

>>>;
= 0 (23)

This will permit correct shock capturing provided the convective
residuals are discretized in strongly conservative form as discussed
earlier.The equationswitchingto thealternativeentropy-conserving
form is convenientlyperformed with the unit vector

r̂ =

»
g

G

1 ¡ g

G

u

q

1 ¡ g

G

v

q
0

¼ T

, G =
p

1 ¡ 2g + 2g2

(24)

where g is a heuristic switch that is 1 near stagnation points and 0
everywhere else:

g = exp[ ¡ (M /0.05)2] (25)

An isentropic (entropy-conserving) residual vector is now de� ned
as

Ris ´ Rm ¡ r̂[r̂ ¢ Rm + A(c / c )R 0
S ] (26)

A = [(1 ¡ g) / G](c /q) + g / G (27)

where the weighting factor A merely serves to make the system
better-conditionednumerically as q ! 0 and g ! 1 near a stagna-
tion point. Note that

r̂ ¢ Ris = ¡ A(c/ c )R 0
S (28)

and A is never zero, so that enforcing Ris =0 will force R 0
S =0 and

produce perfectly isentropic � ow.

IV. Hybrid Method for Shocks
The momentum-conservingandentropy-conservingresidualvec-

tors are now combined into a net residual vector:

R ´ f Rm + (1 ¡ f )Ris = 0

where f is a locally de� ned momentum-conservation trigger. If
f =1, then the standard momentum-conserving scheme is recov-
ered. If f =0, then entropy is conserved in lieu of streamwise mo-
mentum (or in lieu of mass conservation at stagnation points). A
more explicit expression for the net residual vector R to be solved
is as follows:

R = Rm ¡ (1 ¡ f )r̂{(g / G)cR q + [(1 ¡ g) / G]R 0
q + A(c/ c )R 0

S}

(29)
It is necessary to examine the consistencyand well-posed nature

of R for intermediatevalues of f as well as g. This is done by using
the following orthogonal basis:

T̄̄ ´

2

6664

(1 ¡ g) ¡ g(u /q) ¡ g(v /q) 0

g (1 ¡ g)(u /q) (1 ¡ g)(v / q) 0

0 ¡ v /q u / q 0

0 0 0 1

3

7775

Note that T̄̄ r̂ ={0 G 0 0}T . Two cases are now considered.
1) Near a shock, g =0 and f arbitrary,

2

6664

1 0 0 0

0 q 0 1 ¡ f

0 0 1 0

0 0 0 1

3

7775 T̄̄R =

8
>>><

>>>:

cR q

q R 0
q + (1 ¡ f )R²

R 0
n

R 0
H

;
>>>=

>>>;

2

6664

1 0 0 0

0 q 0 ¡ f

0 0 1 0

0 0 0 1

3

7775 T̄̄R =

8
>>><

>>>:

cR q

¡ ( p / q )R 0
S ¡ f R²

R 0
n

R 0
H

;
>>>=

>>>;
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The � rst form con� rms that the method conserves momentum for
f =1, and the second con� rms that it conserves entropy for f =0.
Both forms also show that the method remains consistent for any
intermediate value of f because it multiplies R², which is a higher-
order quantity.

2) Near stagnation, f =0 and g arbitrary,

2

6664

q gc/ G A 0 g

0 1 0 0

0 0 1 0

0 0 0 1

3

7775 T̄̄Ris =

8
>>><

>>>:

(1 ¡ g)qcR q + gR²

¡ G A(c / c )R 0
S

R 0
n

R 0
H

;
>>>=

>>>;

Here, the effect of varying g =0 ! 1 is to gradually replace the
continuityresidual R q with R². Again, the systemremainsconsistent
for any value of g, except possibly in the limiting case g =1, where
R² aloneremains.As canbe seenfrom its expansion(21), the leading
term of R² is

R² = ¡ r ¢ [k ± p] + ¢ ¢ ¢

which mimics r 2 p for � rst-order dissipation and r 4 p for third-
orderdissipation.In either case, R² is in effecta regularityconstraint
on the pressure and, hence, plays the same role as the continuity
equation that it replaces. The discrete system, therefore, remains
well posed even for the limiting case g =1, as con� rmed by the
computed results. This substitution does, of course, incur mass-
conservation errors near the stagnation point, but these occur over
an area that is ( 2̀) (essentially one cell) as can be seen from g
de� nition (25).

A suitable expression for the momentum conservation trigger (a
shock � nder, ideally) is based on the undivided convective rate of
change of density in the cell:

f = ( /̀ q c)q ¢ r q

f =

(
1 ¡ exp

£
¡ (1000 f )2

¤
, f > 0

0, f < 0 (30)

Note that an expansion has f < 0 and remains isentropic.For un-
steady � ows, frame-invariant de� nitions such as

f =
`

q c

D q

Dt
or f =

`

pc

Dp

Dt

would be preferable to Eq. (30). This is a minor distinction.

V. Solution Method
The solution technique employed here is Newton’s method ap-

plied directly to the steady residuals (29). At each Newton iteration,
the linearized system is solved and the state vector U is updated:

³
@R
@U

´
d U = ¡ R, U Ã U + d U

The linear system is solved with GMRES,6 using a sparse incom-
plete LU-factorization solver, created by Y. Saad [SPARSKIT, a
basic tool kit for sparse matrix computations, user guide, and doc-
umentation, 1990 (unpublished)], as a preconditioner.

The combined net residual R, together with the entropy de� ni-
tion (6) fully determines the time rate of change of the standard
conservative-schemestate vector:

@

@t
{q q u q v q E}T

for any value of f and g and can, therefore, in principle be used
with anystandardexplicit time-marchingscheme.Unfortunately,all
such explicit schemeshavebeen found to become unstablewhen en-
tropy is conserved (when f =0). This is perhaps not too surprising
because the residual contributionseffectivelyadded to conserve en-
tropy must be antidissipative to offset the natural dissipation of the
momentum-conserving scheme. The fully implicit direct Newton
solverused here remains stable with this added negativedissipation.

Table 1 Test cases

Case a , deg M 1 Surface points Major features

1a, 1b 9 0.30 28, 42, 70, 112 Leading-edge suction peak
2a, 2b 3 0.80 90 Upper-side shock

Fig. 1 Grid near NACA 0012 airfoil.

VI. Results
The present scheme was implemented in an unstructured-grid,

two-dimensionalEuler code, using grids generated by the FELISA
three-dimensionalgrid generator.7 The NACA 0012 airfoil was run
using the case parameters given in Table 1. Cases 1a and 2a use
the conventional momentum-conserving Euler method ( f =1 ev-
erywhere), and cases 1b and 2b use the entropy-conservingformu-
lation ( f =1 at shock, f =0 elsewhere). Cases 1a and 1b were also
used in a grid-dependencestudy with the number of grid points on
the airfoil perimeter varied from 28 to 112.

Figure 1 shows the unstructured grid near the airfoil with 90
surface points. This is a moderately dense grid for two-dimensional
cases, but it is representative of a section of a rather dense three-
dimensional grid.

A. Case 1: Subsonic Airfoil
Figure 2 shows the Mach and entropy contours for case 1a, com-

puted on the 90-surface-point grid. It exhibits the typical entropy
layer resultingfromnumericaldissipationat the strongsuctionpeak,
where in this case the local Mach number is just below unity. Fig-
ure 3 shows the same case for the entropy-conservingscheme with
the same contour levels. The spurious loss is entirely eliminated in
the latter case.

Figure 4 shows the surface C p distributions for the four grid
densities. In both cases the coarsest grids cannot possibly resolve
the sharp leading-edge Cp spike. However, the error in the overall
lift of the momentum-conservingcase 1a is quite signi� cant and is
apparentlydue to the displacementeffect of the entropy layer acting
near the trailing edge. In contrast, the entropy-conservingcase 1b
maintains its overall lift much better. Figure 5 shows the CL and CD

dependence on grid size for the two cases. The entropy layer also
causes a very signi� cant spurious pressure drag. Note that the drag
of the entropy-conserving scheme is not monotonic with the grid
density, although it is clearly more accurate than the momentum-
conserving scheme for practical grid sizes.

B. Transonic Airfoil
Figure 6 shows the Mach and entropy contours for case 2a com-

puted with the conventional Euler method. Roughly the same grid
as shown in Fig. 1 was used, except that a slightly denser grid was
speci� ed over the aft portionof theairfoil to better capturethe shock.
In addition to the correct entropy generated at the shock, the sur-
face entropy layers are also present as in the fully subsonic case 1a.
Figure 7 shows the result for the entropy-conservingscheme. This
allows loss generation only at the shock, so that the � ow upstream
of the shock is strictly isentropic. Figure 8 shows contours of the
trigger function f , which is nonzero only at the shock, limiting en-
tropy generation to only that region. Once the entropy is generated
at the shock itself, it convectsand diffusesdownstreamas usual into
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Fig. 2 Mach and entropy contours for momentum-conservingcase 1a:
NACA 0012 at ® = 9 deg and M 1 = 0:3.

Fig. 3 Mach and entropy contours for entropy-conserving case 1b:
NACA 0012 at ® = 9 deg and M 1 = 0:3.

Fig.4 SurfaceCp distributionsfor cases 1aand1b vs numberof surface
points.

Fig. 5 Case 1 CL and CD vs average surface cell length (chord = 1).
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Fig. 6 Mach and entropy contours for momentum-conservingcase 2a:
NACA 0012 at ® = 3 deg and M 1 = 0:8.

the isentropic region downstream of the shock. This con� rms that
the present entropy-conservingscheme merely suppresses entropy
production. Entropy transport is unaffected as intended.

VII. Extensions to Viscous Flows
Current Navier–Stokes methods suffer from much the same spu-

rious entropy production as Euler methods. For viscous � ow com-
putationson modest grids, this false entropy can be potentially even
more destructive because a false entropy layer in effect adds to the
momentum thickness of the real boundary layer and will change its
response to pressure gradients. This can, in turn, cause substantial
errors in drag and separation predictions.

The derivation of the present method does not rely on the � ow
being inviscid.The residual identity (20) is still valid, so that the net
modi� ed equation residual vector (29) remains consistent and the
overall treatment remains essentially the same. Momentum conser-
vation ( f =1, g =0) would be appropriate at surface points where
the no-slip condition enforces q = 0. The key difference is that the
laminar and Reynolds-averaged shear stress tensor, heat � ux, and
dissipation are no longer neglected:

s ¯̄ = l
£
r q + ( r q)T ¡ 2

3 ( r ¢ q) Ī̄
¤

¡ q q0 q 0 T

Q = ( l / Pr) r h ¡ q q 0 h 0

e = r ¢ ( s ¯̄ ¢ q) ¡ q ¢ ( r ¢ s ¯̄ ) = ( s ¯̄ ¢ r ) ¢ q

Fig. 7 Mach and entropy contours for entropy-conserving case 2b:
NACA 0012 at ® = 3 deg and M 1 = 0:8.

Fig. 8 Contours of the trigger function f
for case 2b;entropy generationoccurs only
where f >0 at the shock.

The momentum, energy, and entropy residuals are now de� ned as

Ru = r ¢ [q qu + põ̂ ¡ k ±( q u) ¡ s ¯̄ ¢ õ̂]

Rv = r ¢ [q qv + p Ò̂ ¡ k ±( q v) ¡ s ¯̄ ¢ Ò̂ ]

RH = r ¢ [q qH ¡ k ±( q H ) ¡ s ¯̄ ¢ q ¡ Q]

RS = r ¢ [q qS ¡ k ±( q S)] ¡ ( q / p)[e + r ¢ Q]

and RS now has a nonzero source term as expected. Note that this
source term is strictly physical and does not directly depend on the
upwinding terms, and the accuracy bene� ts of using RS are also
expected for viscous � ows away from the immediate vicinity of
no-slip walls.

VIII. Extensions to Three-Dimensional Flows
The derivation of the present method extends directly to three

dimensions because only an additional z-momentum residual Rw

must be introduced. One anticipated change is the likely need to
extend the momentum-conservation trigger f to recognize intrin-
sically dissipative three-dimensional � ow features beside shocks.
One example is a vortex sheet with streamwise vorticity, typically
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shed froma wing trailingedge.Momentummust be conservedin the
sheet immediately behind the trailing edge so that the appropriate
amount of entropy is generated numerically.

It is recognized that the Newton system for typical three-
dimensional problems will most likely be too large to permit direct
solution via elimination. It will be necessary to resort to iterative
sparse-matrix solution techniques.

IX. Conclusions
A method for eliminating spurious losses in Euler equation com-

putationshas beenpresented.The approachcanbe readilyretro� tted
to any implicit Euler solver with little additional computational
effort and gives large improvements in accuracy on modest grids.
Extensions to viscous and three-dimensional� ows appear feasible.
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